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Abstract:
We compute the leading contribution to the mutual information (MI) of two disjoint
spheres in the large distance regime for arbitrary conformal field theories (CFT) in
any dimension. This is achieved by refining the operator product expansion method
introduced by Cardy [1]. For CFTs with holographic duals the leading contribution to
the MI at long distances comes from bulk quantum corrections to the Ryu-Takayanagi
area formula. According to the FLM proposal [2] this equals the bulk MI between
the two disjoint regions spanned by the boundary spheres and their corresponding
minimal area surfaces. We compute this quantum correction and provide in this way
a non-trivial check of the FLM proposal.
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1. Introduction
It is well known that the mutual information for disjoint and compact regions in
holographic theories undergoes a sharp transition when the separation distance is
larger than some characteristic scale rc [3]. The usual Ryu-Takayanagi formula for
the entanglement entropy gives a zero contribution to the mutual information for
r > rc and therefore we expect the leading non-zero answer to be determined by
quantum fluctuations in the dual space-time. As proposed by Faulkner, Lewkowycz
and Maldacena (FLM) [2] such contributions at leading order are given by the mutual
information between the bulk regions depicted in Figure 1.
A
Ab
B
Bb
Figure 1: This paper studies the MI between the boundary regions A,B. The FLM
proposal predicts the non-zero contribution to the MI for r > rc is given by the bulk
MI between the hemispherical regions Ab and Bb contained within the Ryu-Takayanagi
minimal surfaces.
While FLM gives us an in principle prescription for calculating quantum correc-
tions to entanglement entropy actually carrying out such computations is technically
– 1 –
challenging.1 In three bulk dimensions alternative methods to compute quantum cor-
rections to MI are available [9]. This approach is based on computing the one-loop
determinant of the bulk partition function in the geometries constructed in [10], and
has been extensively and successfully applied in a large variety of situations [11–19]
finding agreement with independent CFT calculations. It should be emphasized that
the approach of [9] is quite different to FLM. It is expected that the two approaches
should agree for 2d CFTs, however this has never been explicitly demonstrated. Ad-
ditionally, the one loop determinant methods are essentially out of reach in higher
dimensions. It is thus of fundamental importance to develop techniques that allow us
to carry out computations with the FLM proposal, and to check the results against
boundary CFT calculations where available.
An obvious difficulty this program faces is the lack of CFT results for entan-
glement entropy/mutual information in CFT’s that one could use to compare with
their corresponding holographic predictions. We plan to remedy this situation and
the first result we would like to present is the leading correction to MI in the limit
of large distances r between the two spherical shaped regions in any CFT2:
I = N∆
√
piΓ(2∆ + 1)
4Γ(2∆ + 3
2
)
(RARB)
2∆
r4∆
+ . . . (1.1)
where ∆ is the scaling dimension of the lowest dimension scalar operator, RA and
RB are the radius of the two spheres and N∆ is the number/degeneracy of such real
scalar operators. We use the framework setup by Cardy for calculating MI in higher
dimensions [1]. While the scale dependent part of (1.1) was established in [1] and in
the earlier numerical work of [20], the exact pre-factor was left unknown, except for
some results in free theories. Surprisingly the pre-factor we find is the same as in 2d
CFTs [21].
The methods of [1] have been applied in a variety of situations to compute Re´nyi
mutual information and mutual information for free scalars and fermions at zero and
finite temperature [22–26]. The main tool is an operator product expansion argument
used to express the Re´nyi mutual information in terms of multi-correlators of the
different fields in the replicated geometry [1, 3, 21]. The new ingredient we add to
this discussion is a method to find the analytic continuation in the replica parameter
n of sums of the OPE coefficients that works for any CFT. This continuation is
inspired by recent results for computing perturbative corrections to EE [27,28].
Turning to the bulk FLM computation we find that the framework of [1] can
also be used to compute the leading term of the bulk mutual information for disjoint
1Some previous applications of FLM include [4–7]. We should also mention that an important
generalization of FLM to higher orders in the bulk quantum expansion was given in [8].
2With the one condition that the lowest operator dimension in the CFT is a scalar. Presumably
a very similar result holds for spinors, vectors and the stress tensor as suggested from the two
dimensional case [19], however we leave this for future work.
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hemispheres in arbitrary space-time dimensions. We consider only the contribution
coming from a free scalar field living on the AdSd+1 background, where the mass of
the scalar is related to the conformal dimension of the dual operator in the usual
way. Interestingly, the curved geometry does not represent any obstacle in carrying
out this calculation and therefore opens the door to a larger exploration of mutual
information in curved geometries. These two independent results agree perfectly and
therefore provide important evidence for the validity of FLM.
The organization of this paper goes as follows: in section 2, we present a brief
overview of the general framework for computing mutual information of disjoint re-
gions in a large distance expansion, following closely the presentation of [1]. In
section 3 we present a detailed calculation of the coefficient of the leading term in
the mutual information for disjoint spheres in arbitrary CFT and for any dimen-
sion. The equivalent dual bulk computation, that is the mutual information between
hemispheres in the AdS background, is presented in the section 4.
2. Mutual Information expansion
In this section we briefly review the general framework to compute the mutual infor-
mation between disjoint regions in quantum field theories following closely [1]. We
take the QFT to live on a (potentially) curved d dimensional manifold M.
The Re´nyi entropy for a given region X is given by
S
(n)
X =
1
1− n log TrHXρ
n
X (2.1)
where HX is the Hilbert space associated to the region X and ρX is the reduced
density matrix describing the degrees of freedom living in X. When n is an integer
this quantity can be expressed in terms of a path-integral on a conifold defined by
taking n copies of the QFT on M⊗n and sewing them together along the region X.
The Re´nyi entropies are given by
S
(n)
X =
1
1− n log
(
Z(C(n)X )
Zn
)
, (2.2)
where Z is the partition function on the original space, and Z(C(n)X ) is the parti-
tion function on the conifold. We are interested in the mutual information I(A,B)
associated to two disjoint regions A and B, which can be defined as
I(A,B) ≡ lim
n→1
I(n)(A,B) (2.3)
where I(n)(A,B) is the Re´nyi mutual information given by:
I(n)(A,B) ≡ S(n)A + S(n)B − S(n)A∪B (2.4)
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or in terms of path integrals
I(n)(A,B) =
1
1− n log
(
Z(C(n)A∪B)Zn
Z(C(n)A )Z(C(n)B )
)
. (2.5)
Part of the difficulty of this calculation is coming up with an analytic continuation in
n away from the integers in order to properly take the limit (2.3). We will address this
issue shortly. Further simplification occurs in the limit where the distance between
objects r is much larger than the individual sizes RA, RB. In that situation we can
think of the sewing operation in the region B as seen from the point of view of A as
a semi-local operation that couples the n QFTs. That is
Z(C(n)A∪B)
Zn
= 〈Σ(n)A Σ(n)B 〉Mn (2.6)
where we make the replacement:
Σ
(n)
A =
Z(C(n)A )
Zn
∑
{kj}
CA{kj}
n−1∏
j=0
Φ
(j)
kj
(rA) (2.7)
and Φ
(j)
kj
(rA) is a complete set of operators in the jth copy of the QFT located at a
conveniently chosen point rA in region A.
3 By making appropriate subtractions we
can take these operators to have vanishing one point functions on M. An arbitrary
product of operators far from A in the conifold geometry of region A is therefore
given by
〈
n−1∏
j′=0
Φ
(j′)
k′
j′
(r)〉C(n)A = 〈
n−1∏
j′=0
Φ
(j′)
k′
j′
(r)
∑
{kj}
CA{kj}
n−1∏
j=0
Φ
(j)
kj
(rA)〉M⊗n
=
∑
{kj}
CA{kj}
∏
j
〈Φk′j(r)Φkj(rA)〉M (2.8)
As pointed out by Cardy this equation is true for any arbitrary QFT, however for a
CFT in flat space we can use scalar operators with the following normalization
〈Φk′(r)Φk(rA)〉Rd =
δkk′
|r − rA|2xk . (2.9)
Plugging (2.9) into (2.8) allows us to extract the coefficients of interest
CA{kj} = limr→∞
|r|2
∑
j xkj 〈
∏
j′
Φ
(j)
kj
(r)〉C(n)A (2.10)
3For example an operator that is displaced from rA arise as an infinite sum over derivatives of
this operator located at rA.
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and with them we can write a formal expression for the ratio of partition functions
required for the evaluation of the Re´nyi mutual information 4
Z(C(n)A∪B)Zn
Z(C(n)A )Z(C(n)B )
=
∑
{kj}
CA{kj}C
B
{kj}r
−2∑j xkj . (2.11)
Assuming a Z2 symmetry
5 for the lowest dimension operator in the CFT, say O, ( Z2
acts as O(r)→ −O(r)) such that the symmetry is not spontaneously broken in the
replica manifold, then 〈O(j)(r)〉CAn = 0. Thus the first contribution to (2.11) comes
from replacing each of the Σ
(n)
A,B with two operator insertions of O on the different
replicas j, j′ = 0, . . . n− 1 and is therefore given by
Z(C(n)A∪B)Zn
Z(C(n)A )Z(C(n)B )
= 1 +
1
2
∑
j 6=j′
CAjj′C
B
jj′r
−4∆ + . . . , (2.12)
where the factor of 1/2 appears to account for the double counting in the sum, and
the number 1 comes from the contribution to (2.10) where all Φk(r) = 1.
Using (2.10) the coefficients Cjj′ are simply
CAjj′ = lim
r→∞
|r|4∆〈O(j)(r)O(j′)(r)〉C(n)A . (2.13)
where ∆ is the lowest scaling dimension of the CFT operators and then (2.12) just
depends on two point functions in the conifold manifold. The first non-trivial con-
tribution to the mutual information is
I(A,B) = lim
n→1
1
1− n
(
n
2
n−1∑
j=1
CA0jC
B
0j
)
r−4∆ + . . . (2.14)
where we have used the cyclicity of the replica manifold to reduced the double sum
to a single one.
3. CFT in Euclidean space
In this section we evaluate the leading term in the mutual information (2.14), when
A ∪ B is a system of two largely separated d− 1 spheres. In our setup we will con-
sider an arbitrary CFT in flat euclidean geometry with d dimensions. Our starting
point uses the conformal transformation introduced in [29], to map two point cor-
relation functions in the conifold associated to a single entangling sphere to finite
temperature two point functions in Hyperbolic space. As shown in [27], sums over
4See [1] for further details.
5This assumption can be relaxed and does not effect the answer as we take n→ 1 later on. For
simplicity of the presentation we do not treat the non-symmetric case explicitly.
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the replica manifold of thermal Green functions can be computed by using their ana-
lyticity properties as well as its exact form for (n = 1), which is the one that can
be conformally mapped to a two point function in flat euclidean space. We use a
method similar to that of [27], to evaluate the limiting sum in (2.14).
Thinking in terms of embedding coordinates (we use the notation and conven-
tions given in [27]) the map between Rd and S1 ×Hd−1 can be stated as follow
P |H = ΩP |E (3.1)
where P is a point lying in the upper projective light cone of R1,d+1 with P |E, P |H
corresponding to its representation in terms of Euclidean and Hyperbolic coordinates
respectively, and Ω = R−1(Y I +cos τ) is the conformal factor that relates them both.
More specifically
P |E =
(
R2 + x2
2R
,
R2 − x2
2R
, xµ
)
, xµ ∈ Rd (3.2)
and
P |H =
(
Y I , cos τ, sin τ, Y m
)
, (Y I , Y m) ∈ Hd−1 (3.3)
where Hd−1 is defined as the locus −(Y I)2 + Y mY m = −1 and Y I > 0 with m =
1, · · · d−1, and τ is the coordinate on the S1 where τ ≡ τ +2pi. While this conformal
mapping is appropriate for a CFT living on flat space, it can be extended to the
conifold geometry C(n)A simply by making the τ circle larger such that τ ≡ τ + 2pin.
At the level of the two point functions in the conifold geometry the statement is
〈O(xa)O(xb)〉C(n)A = Ω
∆(a)Ω∆(b)Gn(τb − τa;Ya · Yb) (3.4)
whereGn is the thermal Green function in hyperbolic space associated to the operator
O at temperature T = 1/2pin. That is
Gn(τb − τa;Ya · Yb) = tr
(
e−2pinHT O(iτa, Ya)O(iτb, Yb)
)
(3.5)
where T is for the euclidean time ordering operation. We want to use this relation
to evaluate the leading contribution to (2.14). Note that while the conformal factors
are only well defined if n is an integer, the thermal green’s function is defined for any
n and this will be the key feature that allows us to analytically continue the sums in
(2.14). Further, while Gn is an unknown theory dependent function, all we will need
in order to compute the MI is the thermal greens function at n = 1 which is known.
The explicit expression for the thermal Green function at T = 1/2pi is,
G1(τ ;Ya · Yb) = c∆
(−2Ya · Yb − 2 cos(τ))∆ , (3.6)
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where it is easy to show that c∆ = 1 due to the normalization given in (2.9). The
point r far away from region A on the j’th replica maps under (3.1) to:
(τ = pi(2j − 1), YI → 1) with |r| ∼ 21/2R(YI − 1)−1/2 (3.7)
This allows us to write the OPE coefficients (2.13) in terms of the thermal Green
functions
Cjj′ = lim
Y I→1
(R)4∆22∆(YI − 1)−2∆Ω2∆(pi, YI)Gn(2pi(j − j′);−1)
= (2R)2∆Gn(2pi(j − j′)) (3.8)
where we used the simplified notation Gn(τ) ≡ Gn(τ ;Ya · Yb = −1). The mutual
information in terms of the thermal Green functions is therefore given by:
I(A,B) = lim
n→1
(4RARB)
2∆
2|rA − rB|4∆
1
1− n
(
n−1∑
j=1
G2n(2pij)
)
+ . . . . (3.9)
This quantity can be evaluated following similar steps to the calculation of [27] with
some obvious modifications.
A
b
B
Bb
s
Cn
Figure 2: Integration contour used to evaluate the sum in 3.9.
To start with we use the unique analytic continuation of the thermal green
function to the complex time plane Gn(τ) → Gn(−is) with s ∈ C and 0 < Im(s) <
2pin and expressed the sum as a contour integral
σn ≡
n−1∑
j=1
G2n(2pij) =
∫
Cn
ds
2pii
G2n(−is)
es − 1 (3.10)
where Cn is the prescribed contour in figure 2. At this point it is convenient to make
a convenient subtraction from the integrand in (3.10) which leads to a vanishing
contribution to the integral due to the absence of poles within the contour Cn:
σn =
∫
Cn
ds
2pii
G2n(−is)kn(s) kn(s) ≡
(
1
es − 1 −
1
es/n − 1
)
(3.11)
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This subtraction ensures that the kernel kn(s) vanishes when n = 1. Assuming the
integrand goes to zero when Re(s) → ±∞6 we can deform the integration contour
to the lines with =s = , 2pin −  just above and below the branch cuts that are
expected to appear in the thermal Greens function:
σn =
∫ ∞
−∞
ds
2pii
(
G2n(−is+ )kn(s+ i)−G2n(−is− )kn(s− i)
)
(3.12)
where  > 0. We have additionally used the 2pin periodicity of G2n and kn in the
complex plane setting e2piin = 1 which is true prior to analytic continuation in n.7
The limit of interest can now be taken:
lim
n→1
1
n− 1σn =
∫ ∞
−∞
ds
2pii
(
G21(−is+ )kˆ(s+ i)−G21(−is− )kˆ(s− i)
)
(3.13)
where:
kˆ(s) ≡ − 1
4 sinh2(s/2)
. (3.14)
The last step is to deform the integration contour in the first term to =s = pi and
=s = −pi in the second term. This is convenient since G21(−is′ + pi) = G21(−is′ − pi)
and these are non singular when s′ = 0 so we have dropped the i’s. This leads to
the final answer:
lim
n→1
1
n− 1σn =
∫ ∞
−∞
ds′
G21(−is′ + pi)
4 cosh2(s′/2)
=
∫ ∞
−∞
ds′(2 cosh(s′/2))−4∆−2 (3.15)
This last integral is in fact convergent and well defined for Re(∆) > −1/2 and
evaluates to:
2
√
pi
42∆+1
Γ(2∆ + 1)
Γ(2∆ + 3/2)
. (3.16)
Plugging this result into (3.9), gives the leading term in the mutual information
I(A,B) =
√
piΓ(2∆ + 1)
4Γ(2∆ + 3
2
)
(RARB)
2∆
|rA − rB|4∆ + . . . (3.17)
valid for any CFT. This is a surprising result since it is independent of the space-time
dimension of the theory and therefore equals the one for 2D CFTs.
6The assumption boils down to showing that real time thermal correlation function in Hyperbolic
space decays faster than s−1/2. Exponential decay is natural and this is what one finds at n = 1
where the correlator decays as e−∆s.
7The claim is that (3.12) is the correct analytic continuation in n away from the integers. This
is based on the assumption of analyticity in the complex n plane at least for <n > 0 which would
not be true had we not dropped the e2piin = 1 terms. See [27] for more discussion on this point.
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4. Field Theory in the Bulk
In the previous section we found that the leading term in the mutual information
between separated spheres in any dimensions depends only on the lowest scaling
dimension of the CFT operators. This powerful result gives us a good amount of data
to check the FLM prescription as a reliable method to compute quantum corrections
to holographic entanglement entropy. This section will focus on carrying out the
computation dual to the CFT calculation of the section 3. That is, we perform
the calculation of the leading term in the mutual information between separated
hemispheres for a scalar QFT in an AdS background geometry.
This calculation fits into the framework described in section 2 as applied to an
arbitrary QFT in curved geometry. As described there, an important simplification
occurs when the theory is a CFT. However, we argue that such a simplification is
irrelevant if we are just interested in the leading term of the mutual information
at large separation. The relevant coefficient is still given in terms of the two point
correlation functions of operators in the conifold AdS background. This quantity can
be computed via an application of the method of images, as described in [1], since
in this approximation the bulk quantum fields can be considered to be free.
In section 2 the method to extract the appropriate OPE coefficients involved
examining multi-point function of a set of fields in the replicated space at points far
from region A. Taking the general result (2.8) and applying it to two identical non-
unit operators φ on distinct replicas j and j′ this formal expression can be written
as
〈φ(j)(r)φ(j′)(r)〉C(n)A = C
A
jj′〈φ(r)φ(rA)〉2M
+
∑
kj ,kj′
′
CAkj ,kj′ 〈φ(r)Φkj(rA)〉M〈φ(r)Φkj′ (rA)〉M . (4.1)
where this last sum is over operators distinct from φ, that is Φkj ,Φkj′ 6= φ. Notice
that for a CFT the choice of normalization (2.9) made the later sum in (4.1) equal
to zero unlike in an arbitrary QFT. However, for a free scalar theory, the largest two
point function at long distances corresponds to that of the fundamental field φ(r)
with itself, and therefore the two point function between φ(r) and any other operator
of the theory is smaller for large separations. That is, if r  rA, then
〈Φkj ,k′j(r)φ(rA)〉  〈φ(r)φ(rA)〉 . (4.2)
That means that the main contribution to the LHS of (4.1) is given by the first term
in the RHS of (4.1).
Therefore, by taking r →∞ we can extract the coefficients CAjj′ :
CAjj′ = lim
r→∞
G1(r, rA)
−1G1(r, rA)−1〈φ(j)(r)φ(j′)(r)〉C(n)A . (4.3)
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This quantity determines the first correction to the ratio
Z(C(n)A∪B)Zn
Z(C(n)A )Z(C(n)B )
= 1 +
1
2
∑
jj′
CAjj′C
B
jj′G1(rA, rB)
2 + · · · (4.4)
required for the evaluation of the mutual information up to that order. This is the
equivalent of (2.12) in AdS space-time.
The two point function for a free scalar in the AdS bulk is given by [30]
G1(r, r
′) =
2C∆
ν
(
ξ
2
)∆
F (
∆
2
,
∆
2
+
1
2
; ν; ξ2) (4.5)
where
ξ =
2zz′
z2 + z′2 + (tE − t′E)2 + (x− x′)2
, (4.6)
where the d boundary theory coordinates in euclidean signature are (tE, x
α) and xα
are the spatial coordinates with α = 1, . . . d− 1. The metric of AdS is given by:
ds2 =
dz2 + dt2E + dx
2
z2
(4.7)
We also have set ∆ = d
2
+ ν and ν =
√
d2
4
+m2.
The two points rA and rB are well separated such that the Greens function
becomes in this limit
G1(rA, rB) ≈ 2C∆
ν
z∆A z
∆
B
|xA − xB|2∆ . (4.8)
We can rewrite (4.4) as
Z(C(n)A∪B)Zn
Z(C(n)A )Z(C(n)B )
= 1 +
1
2
∑
jj′
C˜Ajj′C˜
B
jj′
1
|xA − xB|4∆ + · · · (4.9)
where C˜Ajj′ =
2C∆z
2∆
A
ν
CAjj′ and similarly for B. The mutual information in terms of
the tilde coefficients is given by
I(A,B) ≈ lim
n→1
1
1− n
(
1
2
∑
jj′
C˜Ajj′C˜
B
jj′
)
1
|xA − xB|4∆ . (4.10)
We now focus on evaluating the coefficients C˜Ajj′ . Further simplification is possible
in the case in which the entangling surface is a hemisphere in AdS. Consider the
following inversion transformation
x′α =
xα + nαRA
(x+RAn)2 + t2E + z
2
− n
α
2RA
, t′E =
tE
(x+RA)2 + t2E + z
2
,
z′ =
z
(x+RAn)2 + t2E + z
2
(4.11)
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where nα = (1, 0, . . . 0) is a d− 1 dimensional vector. This transformation maps the
conifold C(n)A with singularities located on the hemisphere x2 + z2 = R2A at tE = 0 to
a conifold C ′(n)A with singularities located on the plane (t′E = 0, x′1 = 0). This later
coordinate system is more suitable for some analytic manipulations.
We will apply this to the point rA as well as the point at r = r∞ → ∞ needed
to evaluate (4.3). The reference point rA = (zA, tE, x
α) we can take in the middle of
the A hemisphere:
(z = zA, tE = 0, x
α = 0)→
(
z′ =
zA
R2A + z
2
A
, t′E = 0, x
′α =
nα
2RA
R2A − z2A
(R2A + z
2
A)
)
(4.12)
and the point at infinity becomes:
r∞ → r′∞ ≈ (z′ = , t′E = 0, x′α = −nα/2RA) (4.13)
where we should take the limit → 0 in order to send r∞ →∞. For example in this
limit G1(r
′, r′A)→ (zA)∆2C∆ν−1, such that the OPE coefficients in (4.3) become
CAjj′ = lim
→0
−2∆z−2∆A
(
ν
2C∆
)2
〈φ(j)(r′)φ(j′)(r′)〉C′(n)A . (4.14)
The tilde coefficients are now
C˜Ajj′ = lim
→0
−2∆
ν
2C∆
〈φ(j)(r′)φ(j′)(r′)〉C′(n)A (4.15)
Now, we analyticaly continue n to the values 1/m where m is an integer. This allows
us to calculate the two point function on C ′(1/m)A using the method of images since
the resulting space can be regarded as a Zm quotient of AdS:
〈φ(j)(r′)φ(j′)(r′)〉C′(1/m)A =
m−1∑
k=0
〈φ(r′[θj + 2pik/m])φ(r′[θj′ ])〉AdSd+1 , (4.16)
where we have dropped the j superscript in the fields since now the fields are defined
in a single copy of AdS. The point r′[θ] is defined:
r′[θ] = (z′ = , t′E = − sin(θ)/2RA, x′α = −nα cos(θ)/2RA) (4.17)
which is a rotation of the point r′∞ about the conifold plane by angle θ. The angle
θj will eventually be set equal to 2pij since they label the replicas when n is taken to
be an integer, however for now we keep θj general. Using the z = → 0 limit of the
AdS green functions as well we can write (4.16) as
〈φ(j)(r′)φ(j′)(r′)〉C′(1/m)A =
2C∆
ν
2∆(2RA)
2∆
m−1∑
k=0
1
(2− 2 cos(θj′ − θj + 2pik/m))∆ .
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We can calculate this last sum again using contour integration methods to write this
as:
gm(θ) ≡
m−1∑
k=0
1
(2− 2 cos(θ + 2pik/m))∆ =
∫ ∞
−∞
ds
2pii
(qm(s+ iδ)− qm(s− iδ)) (4.18)
where
qm(s) =
m
(e(s−iθ)m − 1)
1
(2− 2 cosh s)∆ (4.19)
and δ is a positive infinitesimal parameter. This last expression is then the desired m
analytic continuation. Note that this function is periodic in θ ≡ θ+2pi/m so to make
sense of the continuation in m it is natural to define θˆ = mθ which is then defined
for 0 < θˆ < 2pi. In order to gain confidence in this result we study the n continuation
more carefully in Appendix A where we check numerically that the resulting function
agrees with the original sum when m is an integer and is well behaved in various
limits away from integer m.
We can now take m → 1/n where n is integer. We will not need to know
explicitly the function g1/n(θ) just that it satisfies certain nice properties. Firstly it
is periodic g1/n(θ + 2pin) = g1/n(θ). Secondly when n = 1 we find:
g1(θ) =
1
(2− 2 cos θ)∆ (4.20)
and finally it is well behaved (decays exponentially) as s = iθ → ±∞. Indeed these
properties are sufficient for us to apply the same analytic continuation techniques for
the replica sum as in Section 3. The tilde coefficients become:
C˜jj′ = (2RA)
2∆g1/n(2pi(j − j′)) (4.21)
such that the leading correction to the mutual information is:
I(A,B) =
(2RA)
2∆(2RB)
2∆
2|xA − xB|4∆ limn→1
n
1− n
n−1∑
j=1
(g1/n(2pij))
2 (4.22)
Where this sum is almost identical to (3.9) in section 3. The main difference is that
Gn, the CFT greens function on S1 ×Hd−1, has been replaced by g1/n. Since g1/n is
2pin periodic in θ it can be considered a thermal Green’s function just like Gn and
thus analytically continued to the complex θ plane. Repeating the steps of Section
3 and taking the limit n → 1 we arrive at the identical result to the field theory.
We emphasize that Gn is different from g1/n (the later is known explicitly while
the former is highly theory dependent.) The fact that these different thermal green
functions Gn and g1/n give rise to the same contribution to the mutual information,
is related to the expected agreement between the proposal of [9] and the FLM. We
have this established this agreement in the situation at hand.
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5. Conclusions
In this work we have presented a set of analytic checks that support the validity
of the FLM prescription as applied to the calculation of the leading large distant
term in the mutual information between bulk hemispherical regions. This was made
possible by providing the CFT counterpart of this calculation, namely, the mutual
information between spherical regions in a generic CFT on flat space-time. Notably,
the CFT result is universal, and depends only on the lowest scaling dimension of the
CFT operators of the theory, and therefore agree with the 2d CFT result.
The methods used in the calculation of the bulk mutual information are expected
to be applicable to the computation of similar contributions coming from non-scalar
bulk operators, like bulk gravitons. Since there are some critical uncertainties when
attempting to apply FLM to gravitons this is an important avenue for further explo-
ration.
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A. Analytic continuation of the conifold Green’s function
We gave an expression in (4.18) for the analytic continuation of gm(θ) away from
integer m where it can be calculated with the method of images. Here we would like
to un-package this expression and make some consistency checks.
Firstly the branch cut structure obscures a little the precise definition in (4.18)
and so we give here a slightly more refined version by changing integration variables
to λ = es such that:
gm(θˆ) =
1
2pii
∫
C+∪C−
dλ
λ
m
λme−iθˆ − 1
[
(−λ)∆(1− λ)−2∆] (A.1)
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where we take C+ = (0,∞) + iδ and C− = (∞, 0) − iδ and pick the branch cuts of
the power functions in the standard way to lie on the negative real axis. We have
set θˆ = θm. Note that it is not convenient to write this as a discontinuity along the
branch cut for λ > 0 because this discontinuity itself does not integrate to a finite
answer (there is a divergence at λ = 1 for nice values of ∆) and this is regulated by
the iδ prescription. Rather to get a handle on this numerically we can simply rotate
the integration contour to λ = eiφµ where φ = min[θˆ/(2m), pi] for the C+ contour
and φ = −min[(2pi − θˆ)/(2m), pi] for the C− contour and we should integrate from
µ = 0 to∞. This choice is to avoid poles in λ occurring at the roots: λme−iθˆ−1 = 0.
We are assuming 0 < θˆ < 2pi for this discussion which is sufficient because of the
periodicity of gm(θˆ). This is the definition we work with numerically.
We have checked for several values of ∆ that indeed this does agree with the
sum in (4.18) when m is an integer. It is also clear that gm(θˆ) is an analytic function
of m for Re(m) > 0 and for large m behaves as ∼ m2∆ which at least gives it some
nice properties that one might believe defines it uniquely.
The final thing to check is the behavior for the real time Greens function: θˆ → iη
and taking η → ±∞. It is not hard to see that:
lim
η→±∞
gm(iη) ∝ e−|η|∆/m (A.2)
All of these properties makes this a well defined euclidean thermal green function
that we could for example compare to G1/m defined in Section 3.
– 14 –
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